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Abstract 

We introduce a new graph invariant A(G) that we call maxmaxflow, and put 
it in the context of some other well-known graph invariants, notably maximum 
degree and its relatives. We prove the equivalence of two "dual" definitions of 
maxmaxflow: one in terms of flows, the other in terms of cocycle bases. We 
then show how to bound the total number (or more generally, total weight) 
of various classes of subgraphs of G in terms of either maximum degree or 
maxmaxflow. We conclude with some conjectures concerning the relevance of 
maxmaxflow to the roots of chromatic polynomials. 
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1 Introduction 

The purpose of this paper is to introduce a new graph invariant A(G) that we 
call maxmaxflow , to put it in the context of some other well-known graph invariants 
(notably maximum degree and its relatives), and to use it to prove upper bounds on 
the numbers of subgraphs of certain types. 

Let G be a finite undirected graph with vertex set V(G) and edge set E(G); in 
this paper all graphs are assumed to be loopless, but multiple edges are allowed unless 
explicitly specified otherwise. We shall say that G is simple if it has no multiple edges. 
Let A(G) = max xe v(G) dc(x) be the maximum degree of G, and more generally let 
Afc(G) be the kth largest degree of G: 

AJG) = min max dcix) . (1.1) 

X!,...,x k -ieV(G) xeV{G)\{xi,...,x k -i} 

We trivially have 

5(G) = A n (G) < ■■■ < A 3 (G) < A 2 (G) < A 1 (G r ) = A(G) (1.2) 

where n = \V(G)\. A special role will be played in this paper by the second-largest 
degree, A 2 (G). 

For x, y 6 V(G) with x ^ y, the maximum flow from x to y in G is 

^g{ x )U) — max # °f edge-disjoint paths from x to ?/ (1.3a) 
= min # of edges separating x from y (1.3b) 

We then define the maxmaxflow of G 

A(G) = max A G (x,y) . (1.4) 
x,j/ev(G) 

[Note the contrast with the edge-connectivity, which is the minimum of Xg{x, y) over 
x 7^ j/.] Clearly \Q(x,y) < mxn[dG(x), da(y)), so that 

A(G) < A 2 (G) . (1.5) 

We will show later (Proposition 12.1(1]) that A(G) > A n _i(G). Note that several cases 
can arise: 

(a) A(G) = A 2 (G) = A(G). Indeed, in any regular graph one has A(G) = Aj(G) 
for all i (1 < i < n). 

(b) A(G) = A 2 (G) A(G). This occurs, for example, in stars K\, r and wheels 
K x + C r . 
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(c) More generally, one can have A(G) = Aj + i(G) <C Aj(G) for any fixed integer 
j. Moreover, such examples can be taken to be fc-connected for arbitarily large 

kR 

Note also that maxmaxflow has a naturalness property that maximum degree and 
fcth-largest degree lack, namely, it "trivializes over blocks": A(G) = max^,^ A(Gj) 
where Gi, . . . ,Gb are the blocks of G (Proposition 12. 111) . 

Maxmaxflow appears to have been considered sporadically in the graph-theoretic 
literature. Bollobas [2], section 1.5] addresses some extremal problems involving max- 
maxflow in simple graphs (he uses the term "maximum local edge-connectivity" and 
denotes it X(G)); see likewise Mader [HI section IV]. In particular, Mader [8] has shown 
that whenever an n- vertex graph has more than k(n — l)/2 edges, it has maxmaxflow 
at least k, but that for every n > k > 2 there exists an n-vertex graph with exactly 
\_k{n — l)/2j edges and maxmaxflow k — l|§ 

An apparently very different quantity can be defined via cocycle bases. For X, Y 
disjoint subsets of V(G), let E(X,Y) denote the set of edges in G between X and 
Y. A cocycle of G is a set E(X,X C ) where X C V{G) and X c = V{G)\X. It is 
well-known that the cocycles of G form a vector space over GF(2) with respect to 
symmetric difference; this is called the cocycle space of G. Let A(G) be the minmax 
cardinality of the cocycles in a basis, i.e. 

A (G) = minmax \C\ (1.6) 

B CeB 

where the min runs over all bases B of the cocycle space of G. Since one special class 
of cocycle bases consists of taking the stars C(x) = E({x}, {x} c ) for all but one of 
the vertices in each component of G, we clearly have 

A(G) < A 2 (G) . (1.7) 

The relationship, if any, between maxmaxflow and cocycle bases is perhaps not 
obvious at first sight. But we shall prove (Corollary 12. 9p that 

A(G) = 1(G) . (1.8) 



1 Proof. For 1 < i < j, let Hi be a fc-connected graph with one vertex Vi of degree A 3> fc 
and all other vertices of degree k. [Such graphs can be constructed by taking a (k — l)-connected 
(k — l)-regular graph with a large number A of vertices and adding a new vertex Vi adjacent to every 
other vertex.] Construct G from the disjoint union of Hi, H2, ■ ■ ■ , Hj by adding k edges between 
each pair Hi — Vi and Hi+\ — Vj+i (1 < i < j — 1) in such a way that the set of edges of G which 
do not belong to any Hi are independent. [This can be done as long as |V(i/i)| > 2k + 1.] Then G 
is fc-connected and satisfies A(G) = A J+ i(G) = k + 1. [Since all pairs of vertices of G with degrees 
greater than fc + 1 are of the form v s , Vt with s =/= t, and hence are separated by a set of fc edges, we 
have A(G) < k + 1. On the other hand, if we choose two vertices x, y € Hi that are both adjacent 
to H2, we can find fc edge-disjoint xy-paths in Hi (since Hi is fc-connected) and an extra xy-path 
passing through H 2 -] But Aj(G) = A. 

2 For fc = 2,3 this is easy. For fc = 4 it was proven earlier by Bollobas [I], and for fc = 5,6 by 
Leonard [HE]. 
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The two definitions thus give dual approaches to the same quantity. 

Finally, define the degeneracy number D(G) = maxH<zG6(H), where the max runs 
over all subgraphs H of G, and 6(H) is the minimum degree of H. It is easy to see 
that 

D(G) < A 2 (G) (1.9) 

[if H has at least two vertices, then 6(H) < A 2 (G); otherwise 6(H) = 0]. But we 
shall in fact show (Proposition 12.101) that 

D(G) < A(G) . (1.10) 

In summary, therefore, we have 

D(G) < A(G) = A(G) < A 2 (G) < A(G) . (1.11) 

The natural setting for the results of this paper is, in fact, that of a finite 
undirected loopless (multi)graph G equipped with nonnegative real edge weights 
w = {w e } e€ E{G)- Indeed, all of the aforementioned invariants have natural gener- 
alizations to this context. Define first the weighted degree of a vertex, 

d G (x,w) = J2 We - ( L12 ) 

e3x 

We then set 



A(G,w) 


= max dc(x, w) 


(1.13) 


A k (G,w) 


= min max dc(x, w) 

x 1 ,...,x k ^ 1 eV(G) xEV(G)\{xi,...,x h ..i} 


(1.14) 


6(G,w) 


= min da(x,w) 


(1.15) 


A(G,w) 


= min max > w e 
B CeB ^— ' 


(1.16) 


D(G,w) 


= ma,x6(H, w| h) 

HCG 


(1.17) 



Likewise, max- flow quantities are naturally defined when the {w e } are interpreted as 
edge capacities: 

^g( x , Vi w ) — max Sow from x to y with edge capacities w (1.18a) 
= min cut between x and y with edge capacities w (1.18b) 

and thence 

A(G, w) = max X G (x,y;w) . (1-19) 

x,yeV{G) 
x + y 
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In this generality we shall prove 

D(G,w) < A(G,w) = A(G,w) < A 2 (G,w) < A(G,w) . (1.20) 

The unweighted case corresponds to setting all edge weights to 1. 

Let us make a remark about the treatment of multiple edges. It is easy to see that 
all the quantities appearing in (11.201) are unchanged if we replace a family e%, . . . , e n of 
parallel edges with weights w ei , . . . , w £n by a single edge e with weight w e = XT=i w e%- 
So, in proving (11.201) . we could, if we wanted, restrict attention to simple graphs; 
but we don't bother, because no simplification of the proof is obtained by doing so. 
Likewise, the weighted counts discussed in Sections H] and [5] are unchanged by this 
replacement, because the subgraphs in question (walks, paths, trees and forests) can 
include at most one edge from a family of parallel edges. So it would suffice to prove 
the bounds in Sections H] and [5] for simple graphs; but once again, we refrain from 
making this assumption because nothing is gained by doing so. For the weighted 
counts discussed in Sections [6] and by contrast, no simple reduction of multiple 
edges can be performed, because the subgraphs in question do permit the inclusion 
of multiple edges. We shall therefore have to deal there with multigraphs in all our 
arguments. 

Our interest in maxmaxflow was sparked initially by our study of the roots of 
chromatic polynomials [12J. It is an elementary fact J3j Theorem V.l] that all of 
the integer chromatic roots lie in the interval [0, D(G)], i.e. the chromatic number 
x{G) is at most D(G) + 1. On the other hand, Thomassen has shown that the real 
chromatic roots cannot be bounded in terms of the degeneracy number: indeed, there 
are 2-degenerate graphs with arbitrarily large real chromatic roots [T4"t Theorem 3.9] 
(see also [T3], Appendix B]). Nevertheless, one of us has shown that all the chromatic 
roots (real or complex) can be bounded in terms of the second-largest degree: they lie 
in the disc |g| < 7.963907A 2 (G) + 1 [121 Corollary 6.4]. Furthermore, he conjectured, 
following a suggestion of Shrock and Tsai [TUl [EE] , that it might be possible to bound 
all the chromatic roots in terms of maxmaxflow. An important step in [12] is obtaining 
a reasonably tight upper bound in terms of maximum degree for the number of 
connected m-edge subgraphs containing a fixed vertex. Our work here on counting 
subgraphs in terms of maxmaxflow is motivated in part by the goal of adapting the 
methods of [12] to this case. 

The plan of this paper is as follows: In Section [2] we analyze cocycle bases and 
prove the fundamental result (jl.20P ; an important role in this proof is played by 
Gomory-Hu trees [I]. The remainder of the paper is devoted to bounding the total 
number (or more generally, total weight) of various classes of subgraphs in terms of 
either maximum degree or maxmaxflow. Our basic approach is to start with a bound 
(sometimes a known one, sometimes a new one) in terms of maximum degree, and 
then see whether we can find a similar bound in terms of maxmaxflow. After some 
brief preliminaries (Section [3]), we analyze walks and paths (Section H]) and then trees 
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and forests (Section [5]). In Section [6] we consider connected subgraphs and related 
objects, and in Section[7]we consider blocks, block paths, block trees and block forests. 
We close with a brief discussion of the conjectured relevance of maxmaxflow to the 
roots of chromatic polynomials (Section [S]) . 

2 Cocycle Bases and Maxmaxflow 

Given a graph G and disjoint subsets X, Y C V(G), let E(X,Y) denote the set 
of edges in G between X and Y . A cocycle of G is a set E(X, Y) where X, Y is 
a bipartition of V(G); note that X = and Y = are allowed. Let © denote 
symmetric difference. The following lemma is well known: 

Lemma 2.1 Let C\ = E(Xi,Y\) and C 2 = E(X 2 ,Y 2 ) be two cocycles in G. Then 

c 1 ®c 2 = E n x 2 ) u (Xi n y 2 ), (x 1 n y 2 ) u (Yi n x 2 )). 

It follows that the set of all cocycles of G forms a vector space over GF(2) with 
respect to symmetric difference. This is the cocycle space of G. Its dimension is 
|V(G)| — c(G), where c(G) denotes the number of components of G. 

Lemma 2.2 Let G be a connected graph and let C be a cocycle of G. Then C 
corresponds to a unique bipartition ofV(G). 

Proof. Suppose C = E(X 1 , Yi) = E(X 2 , Y 2 ). Since C ®C = there are no edges 
in G from (Xi n X 2 ) U (Y x n Y 2 ) to (Xi n Y 2 ) U (Yi fl X 2 ). Since G is connected, it 
follows that either (X x n X 2 ) U {Y x n Y 2 ) = and hence (X u Yi) = (Y 2 ,X 2 ), or else 
(Xi n Y 2 ) U (Yx n X 2 ) = and hence (X 1; Fx) = (X 2 , Y 2 ). □ 

Lemma 2.3 Let G be a connected graph, let C\,C 2 be cocycles of G, and let x,y be 
vertices of G. Suppose that x,y belong to the same subset in the bipartitions of G 
corresponding to C\ and C 2 , respectively. Then x,y belong to the same subset in the 
bipartition of G corresponding to C\®C 2 . 

PROOF. Immediate from Lemma [2.11 □ 

Lemma 2.4 Let G be a connected graph and let Ci,C 2 , . . . ,C m be cocycles of G. 
Suppose that for each i, there exists a pair of vertices Xi,yi such that Xi,yi belong 
to different subsets in the bipartition of G corresponding to Ci and to the same sub- 
set in the bipartition of G corresponding to Cj for all j ^ i (1 < j < m). Then 
Ci,C 2 , . . . , C m are linearly independent. 
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Proof. If not, then we may suppose without loss of generality that C% = C2 © 
C3 © . . . © C m . This contradicts the fact that X\,y\ belong to the different subsets 
in the bipartition corresponding to C\ and to the same subset in the bipartition 
corresponding to C 2 © C 3 © . . . © C m , by Lemma 12.31 □ 

Let G be a connected graph and let T be a tree on the same vertex set V as G. 
(We emphasize that T need not be a subgraph of G.) Each edge e G E{T) induces a 
bipartition of V into nonempty subsets X, Y given by the two components of T — e; 
we define the elementary cocycle of G corresponding to e and T to be the cocycle 
E G (X,Y). 

Lemma 2.5 Let G be a connected graph with n vertices, and let T be a tree on the 
same set of vertices (not necessarily a subgraph of G). For each edge ei G E(T), let C{ 
be the elementary cocycle of G corresponding to and T. Then {C\, C2, • • • , C n _i} 
is a basis for the cocycle space of G. 

Proof. Using Lemma (taking x^y^ to be the end- vertices of e*) we deduce that 
Ci,C 2 , ■ ■ ■ , C n _i are linearly independent. Since the dimension of the cocycle space 
of G is n — 1, they form a basis. □ 

Lemma 2.6 Let G be a connected graph with n vertices, let {C±, C2, ■ ■ ■ , C n -i} be a 
basis for the cocycle space of G, and let x, y G V(G) with x 7^ y. Then x,y belong to 
different subsets in the bipartition corresponding to Ci, for some 1 < % < n — 1. 

Proof. Suppose not. Let C be a cocycle in G that separates x and y [for example, 
E({x}, {x} c )]. Since {C\, C2, ■ ■ ■ , C n _i} is a basis for the cocycle space of G, C is a 
linear combination of C*i, C2, ■ ■ ■ , C n ~i- This contradicts Lemma [2.31 □ 

Now let G be equipped with a family of nonnegative real edge weights w = 
{w e } eeS ( G ). As in (11.181) / (11.191) . we let Xg{x, y\ w) be the max flow from x to y with 
edge capacities w, and A(G,w) the corresponding maxmaxflow. As in (11.161) . we 
let A(G, w) be the minmax weight of the cocycles in a basis. In order to prove the 
fundamental result (|1.20|) . we shall need the following classic result on flows (see [3 
Section 2.3] for an excellent exposition): 

Theorem 2.7 (Gomory and Hu [4]) Let G be a connected graph equipped with 
nonnegative real edge weights w = {w e } e£ E(G)- Then there exists a tree T with vertex 
set V(T) = V(G) = V (note that T is not necessarily a subgraph of G!) and a set 
w T = {w^} e( zE(T) of nonnegative real edge weights such that 

( a) X G (x, y; w) = X T (x, y; w T ) for all x, y G V (x ^ y), and 
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(b) for each e = xy G E(T), the elementary cocycle C of G corresponding to e and 
T is a minimum-weight edge cut separating x from y in G, i.e. Xq(x, y;w) = 

fee 

We shall call any tree T with the above properties a Gomory-Hu tree for (G, w); 
it is in general nonunique. Note that, for any given tree T, there is at most one 
choice of w T that satisfies (a), namely for each edge e = xy G E(T) we must set 
wj = \G(x,y;w). It can also be shown that if T satisfies (b), then this definition of 
w T necessarily satisfies (a); but we shall not need this fact. 

If T is a Gomory-Hu tree for (G, w), we define A(G, w;T) = max eeE ( T ) u>J. We 
claim that this value is independent of the choice of T, and in fact we have: 

Theorem 2.8 Let G be a connected graph equipped with nonnegative real edge weights 
w = {if e }ee£(G); an d let T be a Gomory-Hu tree for (G, w). Then 

A(G,w) = A(G,w;T) = A(G,w) < A 2 (G,w) < A(G,w) . (2.1) 

In particular, the value 0/ A(G, w; T) zs independent of the choice ofT. 

Proof. The equality A(G, w) = A(T, w T ) follows from Theorem 12.7( a). and it is 
trivial to see that A(T, w T ) = max eg E(r) wj. This proves that A(G, w) = A(G, w; T) 
and in particular that the latter quantity is independent of the choice of T. 
The inequality A(G, w) < A(G, w) follows from Lemma [2.61 
The inequality A(G, w) < A(G, w;T) follows from Lemma 12.51 and Theorem 
Db). 

There are easy elementary proofs of both A(G, w) < A 2 (G, w) and A(G, w) < 
A 2 (G, w), as noted in the Introduction. □ 



Corollary 2.9 Let G be a (not necessarily connected) graph equipped with nonnega- 
tive real edge weights w = {w e } e€ E{G)- Then 

A(G,w) = A(G,w) < A 2 (G,w) < A(G,w) . (2.2) 

Proof. If G is disconnected, it suffices to apply Theorem 12.81 to each component of 
G. □ 

Finally, we need to prove our claims that A(G, w) > D(G,w) and A(G, w) > 
A n _i(G, w). We shall actually prove a slightly stronger result. Define the k th weighted 
degeneracy number 

D k (G, w) = max5 fc (#,w) , (2.3) 
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where the max runs over all subgraphs H of G, and Sk{H, w) denotes the kth smallest 
weighted degree of H: 

S k (H,w) = max T ^ ™?? in d H (x,w) . (2.4) 

x 1 ,...,x k - 1 eV(H) x&V{H)\{x 1 ,...,x k _ 1 } 

Trivially we have D(G,w) = £>i(G,w) < D 2 (G,w) < ... and 5 k (G,w) < D k (G,w). 
In particular, 

D 2 (G,w) > max[L>(G,w), 5 2 (G,w)} . (2.5) 

Proposition 2.10 Let G be a graph with n vertices (n>2) equipped with nonnega- 
tive real edge weights w = {w e } e€ E(G)- Then 

A(G,w) > D 2 (G, w) > max[Z)(G,w),A n _ 1 (G,w)]. (2.6) 



Proof. Suppose first that G is connected, and let T be a Gomory-Hu tree for (G, w). 
For any vertex x of degree 1 in T, let e = xy be the unique incident edge in T; then the 
elementary cocycle of G corresponding to e and T is Eg{{x}, {x} c ). Using Theorem 
12.7( b). we have A(G, w) > \ G (x,y;w) = da(x, w). Since there are at least two such 
vertices x, we have A(G, w) > 5 2 (G, w). 

If G is disconnected, we can apply the result just proven to each component of G; 
we conclude again that A(G, w) > 5 2 (Cr, w). 

Now apply this result to each subgraph H of G: we conclude that A(H,w\h) > 
S 2 (H,w). But A(G, w) > A(i7, w|h) for every subgraph H of G, so A(G, w) > 
D 2 {G,w). □ 

Let us now prove a few further general properties of maxmaxflow. Let G be a graph 
and x G ^(C). We say that x is a cni vertex of G if G \ x has more components than 
G. We say that G is non-separable if G is connected and has no cut vertices. A block 
of G is a maximal non-separable subgraph of G. We first observe that maxmaxflow 
has a naturalness property that maximum degree and fcth-largest degree lack, namely, 
it "trivializes over blocks" : 

Proposition 2.11 Let Gx, ... ,Gb be the blocks of G. ThenA(G,w) = max A(G.;, w). 

Ki<b 



Proof. If x and y lie in the same block G i; then Xg(x, y\ w) = \gX x -, V\ w )- If x an d 
y lie in the same component of G but in different blocks, then there exist cut vertices 
Vi, . . . , v k of G and blocks G« , G^, . . . , Gj fc of G such that x G V^G^), ?/ G V^GjJ, 
^(Gj^J fl ^(G^) = {fj}, and every path from x to y passes through vi, . . . ,v k in 
that order; and in this case we have 

X G (x,y;w) = min A Go (x, v x ; w), A Gl («i, u 2 ; w), . . . , Ao^^Ufc-i, v h ; w), X Gk (v k ,y;w) 

(2.7) 
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Finally, if x and y lie in different components of G, then Xg{x, y; w) = 0. □ 

It follows immediately from the definition of maxmaxflow that for any pair of 
distinct vertices Xi,x 2 of G, there exists a partition V(G) = X 1 U X 2 such that 
X\ G Xi, x 2 G X 2 and ^2 e eE(Xi x 2 ) We = ^g( x i, x 2', w ) < A(G, w). We will need the 
following extension of this observation in Section [7J 

Proposition 2.12 Let X C V(G) with \X\ > 2. Then there exist Xi,x 2 G X and 
disjoint Xi,X 2 C V{G) such that X H Xj = {x^} and ^ e eB(Xj x c ) < A(G, w) /or 
aiZ 1 < i < 2. 

Proof. We can assume without loss of generality that G is connected. Let T be a 
Gomory-Hu tree for (G, w), and let T' be the union of all the paths in T connecting 
pairs of vertices of X. Let x%, x 2 be distinct end- vertices of T' and e\, e 2 be the edges 
of T' incident with xi, x 2 respectively. For 1 < i < 2, let Xj to be the vertex set of the 
component of T\e; which contains Xj. Then X!nX 2 = 0. Furthermore, is 
the elementary cocycle of G corresponding to the edge of T; so by Theorem 12.7( b) 
we have J2eeE(x x x c ) w ^ — 7 ^(^' w ) ^ OT all 1 < i < 2. □ 

We conclude this section with a few examples of maxmaxflow calculations: 

Example 2.1. Let G be any forest, and let w be any set of nonnegative edge 
weights. Then A(G,w) = max e£ E(G) w e- Indeed, this elementary fact was already 
used in the proof of Theorem 12.81 □ 

Example 2.2. Let G be the cycle C n , and let w be any set of nonnegative edge 
weights. Then 

A(G, w) = max w e + min w e . (2.8) 

eeE(G) eG-E(G) 

Proof. For any pair of distinct vertices x,y G V(G), there are precisely two paths 
from x to y, and together they use all the edges of G. Hence on one path the 
max flow is exactly minw e , and on the other it is at most max«j e . So A(G, w) < 
min w e + maxw e . On the other hand, if we take x, y to be the endpoints of the edge 
with maximum weight, we obtain equality. □ 

3 Some Preliminaries 

Before turning to the counting of subgraphs of various classes, let us make some 
brief prefatory observations. 
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3.1 Pointwise bounds vs. generating- function bounds 



Let (G, w) be a weighted graph, and suppose that a m is the total weight of all 
m-edge subgraphs of G of some specified class. In the following sections we shall 
prove upper bounds on a m of two different types: 

• "Pointwise bound" : a m < C m for some specified constants C m . 

• "Generating-function bound": X^m=o a mZ m < C(z) for some specified function 
C(z) [which is allowed to take the value +00], for all z > 0. 

From each type of bound we can deduce one of the other type: a m < C rn trivially 
implies a m z m < J2C m z m ; and J2a m z m < C(z) implies a m < inf 2 > z~ m C(z). But 
we lose something in each such passage: for example, 



So it is important to choose the best type of bound in each problem. Roughly speak- 
ing, the pointwise bound is better in those cases where the bound can be saturated 
simultaneously for all (or arbitrarily many) values of m. By contrast, in cases where 
the pointwise bound can be saturated only for one value of m at a time, it may be 
possible to prove a stronger bound of generating-function type. These remarks will 
be illustrated repeatedly throughout the following sections. 

3.2 Convex hulls in graphs 

Let H be any graph, and let X be a nonempty subset of V(H). We define 
the convex hull of X in H, denoted conv(X, H), to be the union of all paths in H 
connecting any pair of vertices x±,x 2 G X (including paths of length from a vertex 
x G X to itself). Thus, conv(X, H) is a subgraph of H whose vertex set contains X. 
The following properties are elementary consequences of this definition: 

(Convl) If H is connected, then conv(X, H) is connected. 

(Conv2) Any vertex of degree or 1 in conv(X, H) must belong to X. More- 
over, a vertex x G X is of degree (i.e. isolated) in conv(X, H) if 
and only if it is the only element of X in its component of H . 

(Conv3) If if is a tree, then conv(X, H) is the smallest subtree of H containing 
all the vertices of X. 

(Conv4) If H is 2-connected (or isomorphic to K 2 ) and \X\ > 2, then conv(X, H) = 
H. [This is because, for any pair of distinct vertices Xi,x 2 of H, every 
edge of H lies on some path from x\ to x 2 ] 




m=0 



m=0 



(3.1) 
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Property (Conv4) can be generalized as follows. Let if be a graph and x G V(H). 
We say that x is an internal vertex of H if x is not a cut vertex of H. An end block 
of H is a block that contains exactly one cut vertex of H. 

Lemma 3.1 Let H be connected, and let X C V(H) with \X\ > 2. Then: 

(a) conv(X, H) is a connected union of blocks of H . 

(b) Each end block of conv(X, H) has an internal vertex belonging to X. 

Proof. This follows easily from the definition of conv(X, H) and property (Conv4). 
□ 

We have already used convex hulls in the proof of Proposition 12.121 and they will 
play an important role in our treatment of trees and block trees (Sections [5] and EJ). 

4 Counting Walks and Paths 

Let G be a graph equipped with nonnegative real edge weights w = {w e } ee E(G)- 
In this section (as well as in the following ones) we shall write A, A2, A, . . . as a 
shorthand for A(G, w), A 2 (G, w), A(G, w), . . . ; the underlying graph G and its edge 
weights w will always be understood. Similarly, we shall write X(x,y) as a shorthand 
for X G (x,y;w). 

For x, y G V(G) and m > 0, let W m (x, y) be the set of m-step walks from x to y, 
i.e. sequences uj = XQe\X\e<iXi ■ ■ ■ x m -\e m x m with xq = x and x m — y such that each 
e,- is an edge We then define the following subsets of W m (x, y): 

• Wm PW ( x > y) consists of first-passage walks, i.e. walks such that Xj 7^ y for i < m; 

• W^ AW (x, y) consists of self-avoiding walks (otherwise known as paths), i.e. walks 
such that Xi 7^ Xj for i 7^ j. [We remark that a walk uj is self-avoiding if and 
only if each initial segment of a; is a first-passage walk.] 

Clearly Wi AW (x,y) C W F m PW (x,y) C W m (x,y). 

More generally, let x G V{G) and Y C V r (G). We let W m (x, F) = \J yeY W m {x, y) 
be the set of m-step walks from x to Y. We then define the following subsets of 
W m (x,Y): 

• (x,Y) consists of first-passage walks to the set Y, i.e. walks such that 
Xi ^Y for i < m; 

• ^m PSAW ( ;r > ^) consists of first-passage self-avoiding walks to the set Y, i.e. walks 
such that Xi £ Y for i < m and X{ 7^ Xj for z 7^ j. 



13 



Then >V PPSAW (x,F) C W™(x,F) C W m {x,Y), and in fact W PPSAW (£, F) = 
Wl™(x,Y)n U VC w (*,v). 

We define the weight of a walk u; = xoeiXie2X2 • • • x m -ie m x m to be the product of 
its edge weights: 



w(x e 1 xie 2 x 2 ■ ■ ■ x m _ x e m x m ) = J\w ei . (4.1) 



8=1 



Finally, we define the weighted counts 



w m (x,y) = ^2 W ( UJ ) ( 4 - 2 ) 

u>eW m (x,y) 

w m (x,Y) = ( 4 ' 3 ) 

and likewise for w FPW , w SAW and u> FPSAW . 

Walks with a fixed initial vertex and an arbitrary final vertex can trivially be 
bounded in terms of maximum weighted degree: 

Proposition 4.1 For all x G V(G) and all m > 0, we have 

£ w m (x,y) < A m . (4.4) 

yeV(G) 

In fact, when (G,w) is A-regular [i.e. dc(x,w) = A for all x G V(G)], the bound 
(I4.4p is sharp simultaneously for all x G V(G) and all m > 0. 

If we restrict to first-passage walks to a fixed target set Y, we can obtain a 
"generating-function" bound that is sharper than (|4.4p : 

Proposition 4.2 For a// x G V(G) and a// F C V(G), we /jave 

oo 

£A-^ PW (x,F) < 1. (4.5) 

m=0 



Proof. Define a sub-Markov chain with transition probabilities p(x — > x') = A -1 X] e =xa;' w e 
(here the sum runs over all edges e = xx' in G). Then Xlm=o A~ m u; FPW (x, F) is the 
probability that F is eventually hit, starting at x. □ 



Remarks. 1. If G is connected (with weights w e > 0) and (G,w) is A-regular, 
then (14. 5 p is equality for all x G V(G) and all F C V(G). This is because p is an 
ergodic Markov chain, so that F is hit with probability 1. Indeed, it suffices to have 
dc{x, w) = A for all x G V(G) \ F; the degree at vertices of F is irrelevant. 
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2. If x G F then u> FPW (x, F) = 1 and w PPW (x, Y) = for m > 1 so equality holds 
in (14. 5p . On the other hand, if x ^ F, then we can improve the upper bound in (14.51) 
from 1 to dc{x, w)/A, since this is the probability for the Markov chain to survive 
the first step. 

3. As just mentioned, (14. 5p is the best-possible upper bound for first-passage 
walks to a set Y. However, one might ask whether a sharper bound is possible by 
restricting attention to first-passage self-avoiding walks. The answer is no, at least if 
one considers a general set Y, as the following examples show: 

Example 4.1. Let G be the star Ki r , let x be the central vertex, and let Y be 
the remaining vertices. Set all edge weights w e = A/r. Then u> FPSAW (x, Y) — A and 
w FPSAW (x, Y) = for m ^ 1, so gSJ) is sharp. □ 

Example 4.2. More generally, let T r be the infinite r-regular tree, let x be any 
vertex of T r , and fix n > 1. Let G be the subtree of T r induced by the vertices lying 
at a distance at most n from x, and let Y be the set of vertices lying at a distance 
exactly n from x. Set all edge weights w e = A/r. Then 

w F m PSAW (x,Y) = [r{r-lT-\A/rT if m = n (4 g) 

I otherwise 



so that 



5> 



n-l 



-™w™™(x,Y) = (—) ■ (4.7) 

m=0 ^ ' 

which is sharp in the limit r — > oo at any fixed n. (It is also sharp for any r when 
n — 1, which is the case G = Ki r .) □ 

For comparison with Proposition 14.31 below, it is perhaps illuminating to rephrase 
the proof of Proposition 14.21 as an induction: 

Second proof of Proposition 14.21 We will prove inductively that 

l ^ PW (x,y)<i 



M 

A~' m ■•• Ki ' w ' 

m=0 



for all M > and all x G V(G). This clearly holds for M — 0. Moreover, it holds 
for all M when x G Y, since w PPW (x, F) = 6 m o- So suppose that x ^ Y. Then 
ty FPW (x, F) = and for m > 1 we have 



^ PW M = T, Ywe)wi™(x',Y). (4. 
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Thus, for M > 1, we have 



M M / 

m=0 m=l x'6V(G) \e=a;a;' 



M-l 



= A " £ E«. £A-x F ™V,n 

x'eV(G) \e=xx' J j=0 

< 1 by the inductive hypothesis. (4-9) 



□ 



There is no hope of obtaining a \Y | -independent bound on w^ PW (x, Y) - - or 
even on w^ s (x, Y) — in terms of second- largest degree (much less in terms of 
maxmaxflow). Indeed, let G be the star Ki jr , so that A = r and A2 = A = 1; let x 
be the central vertex and Y the remaining vertices; then ,Y) = r, which is 

unbounded. Nor can we bound w^ w (x,y): considering again the star and taking y 
to be any vertex other than x, we have w FPW (x, y) = r — 1, which is again unbounded. 
Nevertheless, an analogue of Proposition 14.21 does hold for maxmaxflow if we restrict 
ourselves to self-avoiding walks and to the case Y = {y}: 



Proposition 4.3 Define 

F( x ,y) = {f''f>/ A f/j y (4.10) 
Then, for all x, y € V(G), we have 

J>-™«4 AW (*,y) < F(x,y) < 1. (4.11) 

m=0 

PROOF. We will prove inductively that J2m=o A" m u;^ AW (x, y) < F(x, y) for all M > 
and all x, y G V(G). This clearly holds for M = 0, since Wq AW (x, y) = 5 x . y . Moreover, 
it holds for all M when x = y, since w^ AW (x, x) = <5 m0 . So let M > 1 and x ^ y. 
Let C = £7pT, Y") be a cocycle in G with x & X , y E Y and X^eec^e = A(x, y). Let 
e = m; be an edge in C with u & X and ueF, and let w^ AW (x, e) be the weighted 
sum over m-step paths from x to y that use e as their first edge from X to Y. Then 



m— 1 



.y.e) < w e J2^! AW M^-U^y) ■ (4-12) 
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So 

M M m—1 

£ A" m ^ AW (x, y, e) < A~ V £ £ A~X SAW (*, «)A-<^M> w saw. (Wj y) 

m=0 m=0 i=0 

Af-1 Af-l-i 

= a-V£a-x saw (^«) £ A-%f w (^y) 

i=0 i=o 
< A _1 w e by the inductive hypothesis (4-13) 

(note that we may have here used the x = y case of the inductive hypothesis, in case 
x = u or y = v or both). Therefore 

M M 
m=0 eeC m=0 



< £a~V 



eeC 



< X(x,y)/A. (4.14) 

□ 



Corollary 4.4 w^ AW (x,y) < A m F(x,y) for allm>0 and all x,y G V(G). 

oo 

Corollary 4.5 For < C < A -1 , we /jave £ ( m w^ w (x,y) < ((A) dist ( x ^F(x,y) 

m=0 

where dist(x,y) is the length of the shortest path in G from x to y. (Of course, if 
there is no such path, then wf^ w (x,y) = for all m.) 



Example 4.3. Let G be any tree, let w e = w for all edges e, and let x,y be any 
two vertices of G. Then X(x,y) = A = w and 

w s m AW (x,y) = \ wm * ™ = dist(:r,y) (415) 
L otherwise 

so that (14. lip is equality for all x, y. Note that the generating-function bound (14.111) 
is here much sharper than the pointwise bound of Corollary 14.41 this reflects the fact 
that the latter can be saturated here for only one value of m (for any given pair x, y). 
This is the prototypical situation in which we shall seek generating-function bounds. 
Indeed, the inductive "cutting" argument used in the proof of Proposition 14.31 seems 
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to work only for the generating-function bound; we do not know of any way of proving 
Corollary 14.41 without proving the stronger bound (14. lip . □ 



Example 4.4. Let G be the complete graph K n , and let all edge weights w e equal 
A /(n — 1), so that both the maximum weighted degree and the maxmaxflow equal 
A. If x,y are any two distinct vertices, we have 

«Sf (*.») = ( "- 2) '";y" m) A" (4.16) 

ifl<m<n — 1, and otherwise. Approximating Riemann sums by integrals, we 
find 

OO I 

J2^i AW ^y) - Jf (4-ir) 

m=0 ' 

as n — > oo, so Proposition 14.31 is far from sharp in this limit. Nevertheless, we see that 
the exponential growth rate u^ AW (x,?/) ~ A m in Proposition 14.31 and Corollary 14.41 
cannot be improved. Indeed, if for each fixed m we choose n so as to maximize 
tir^ w (x, y)/A m , we find that the maximum is achieved at ri ~ m 2 /2 and that the 
maximum value is ~ e/(2m 2 ). □ 

Example 4.5. Let G be the generalized theta graph 0i 2,...,r ( r > 2), consisting of 
a pair of endvertices a, b joined by r internally disjoint paths of lengths 1,2, ... ,r. 
On each path let one edge have weight w and the other edges have weight 1. Then 
the maxmaxflow is 

if < w < l/(r- 1) 
A = { rw if l/(r- 1) < w < 1 (4.18) 

if w > 1 




while 



^ AW (a,&) = if ^™^ (4.19) 

i- (J otherwise 



In particular, at w — l/(r — 1) we have 

A- m ^(a,6) = 1-11-1) > ( 1.20) 



CO 

m=0 



which decreases to 1 — 1/e ~ 0.632121 as r — > oo. So, although the bound of 
Proposition 14.31 is not sharp in this case, it does at least come within a constant 
factor of being sharp in a situation where the maximum contribution from a single 
value of m goes to zero (the opposite extreme from Examples 4jl]and 4J2J). □ 
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5 Counting Trees and Forests 



Let us now extend Propositions 14.21 and 14.31 from paths to trees and forests. In 
Section I5TT1 we consider classes T m (X) of trees and JF m (X, F) of forests. In Section [5T21 
we consider a larger class 7i m {X) of forests. 

5.1 The classes T m (X) and JF m (X, Y) 

For F a forest in G, let L(F) denote the set of vertices of degree or 1 in F (also 
called leaves or end-vertices of F). 

For any nonempty X C V(G), let T m (X) be the set of all m-edge trees T in G 
such that L(T) C X C V(T). Heuristically, 7^(X) consists of trees whose leaves are 
"tied down" on the set X. Note the following special cases: 

• If X = {x}, then %({x}) has as its single element the edgeless graph with 
vertex set {x}, and T m ({x}) = for m > 1. 

• T m ({x, y}) ~ VV^ w (a;, ?/) under the natural identification of paths with their 
induced subgraphs; this holds both for x ^ y and for x = y. 

• T (X) = for |X| > 2. 

For any X, F C V(G) with 7^0, let JF m (X, F) be the set of all m-edge forests 
F in G such that 

(Fl) L(F) C X U F C V(F), and 

(F2) each component of F contains exactly one vertex of F. 

[Note that T m [X, Y) = J- m (X \ F, F), so we can assume without loss of generality, if 
desired, that XflF = 0.] Heuristically, JF m (X, F) consists of forests whose leaves are 
"tied down" on the set X and whose components are "tied down" on single elements 
of the set F. We have the following special cases: 

• If X = (or more generally if X C F), then Tq{X, F) has as its single element 
the edgeless graph with vertex set F, and jF m (X, F) = for m > 1. 

• If X = {x}, then each F G jF m ({x},F) is the disjoint union of a path P 6 
W^ PSAW (x, F) [under the natural identification of paths with their induced 
subgraphs] and the collection F \ V(P) of isolated vertices; this holds both 
for x ^ F and for x G F. We express this isomorphism loosely by writing 
f m ({x},F)^Wl PSAW (x,F). 

• For F = {y}, we have F m (X, {y}) = T m (X U {y}). 
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For H a subgraph of G, set w(H) = Yl e eE(H) w e- [Note that if E{H) = 0, then 
w(H) = 1.] Define the weighted counts 

t m (X) = J2 w ^ ( 5A ) 

T£T m {X) 

f m (X,Y) = w ^ ( 5 - 2 ) 

We will obtain two "generating-function" bounds on f m (X, Y): a sharp bound in 
terms of the maximum weighted degree A, and a slightly weaker bound in terms of 
the maxmaxflow A. 

Proposition 5.1 For all X, Y C V(G) with Y ^ 0, we have 

oo 

J2^ m UX,Y) < 1. (5.3) 

m=0 

Proposition 5.2 For all X, Y C V(G) with Y ^ 0, we have 

oo 

Y^{m+\Y\)-^\-^k- m UXX) < \Y\. (5.4) 

m=0 

Using the identity T m {X, {y}) = T m (XU{y}), we immediately obtain the following 
corollaries for trees: 

Corollary 5.3 For all nonempty X C V{G), we have 

oo 

^A- m t m (X) < 1. (5.5) 

m=0 

Corollary 5.4 For a// nonempty X C V r (G) ; we /iave 

oo 

^(m + l)-d x l- 2 )A- m t m (X) < 1 . (5.6) 

m=0 

One can envisage two different approaches to proving these bounds for forests and 
trees. One is to imitate the "cutting" argument employed for walks in the proofs 
of Propositions 14.21 and 14.31 The other is to exploit the result obtained for walks 
in Propositions 14.21 and 14. 3\ by reducing forests inductively to paths. The latter 
technique seems to be more appropriate. 

In the proof of Proposition 15.11 we shall make use of the "point-to-set" bound of 
Proposition 14.21 We shall also use the following elementary lemma which splits a 
forest with k end-vertices into a forest with k — 1 end-vertices and a path: 
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Lemma 5.5 Let G be a graph, let X, Y C V(G) with Y ^ 0, let x G X \ Y , and 
let F G J- m {X, Y). Let Fi be the convex hull of {X \x) UY in F , and let P be the 
unique path in F from x to V(Fi). Then F is the edge-disjoint union of Fx and P; 
and for some i (0 < i < m) we have F 1 G J-%(X \ x, Y) and P G W^ AW (x, V(Fi)). 
Moreover, the map F t— > (Fi,P) is an injection. 

The proof is a straightforward exercise: let us simply observe that because x (jt Y, 
the component of F containing x must contain a vertex in Y, which guarantees that 
the path P exists; and P is unique because F has no cycles. 

Proof of Proposition 15.11 As noted above, we can assume without loss of 
generality that X fl Y = 0. We use induction on k — \X\. For k = the result 
is trivial. For k = 1 the result follows immediately from Proposition 14.21 since 
F m {{x},Y) ~ Wi PSAW (x,Y) C W£ PW (x,y). So suppose k > 2. Let x be any 
vertex in X; by assumption x ^ Y. By Lemma 15.51 given any F G jF m (X, Y), we 
can decompose F into a forest F\ G J r i (X\ x, Y) and a path P G W^ AW (x, 
and each such pair (Fi,P) arises from a unique F (namely, F\ UP). Since w(F) = 
w(Fi)w(P), we have 

oo 

oo m 

^EE A ~ l E ^i) A ~ M J2 w ^ 

oo oo 

= E A ~* E ^i)E A ~ J E ^ p )- ( 5 - 7 ) 

i=o Fxe^p^y) j=o p e wJ PSAW (:r,v(Fi)) 

Now, for each fixed Fx we have Y^jLo^~ j ^Pew FPSAW {x,v(F 1 )) w (^') — 1 ^y Proposi- 
tion U]2l so that 

oo oo 

£>-™ £ < E A_i E w ^ ^ 1 ( 5 - 8 ) 

m=0 F£fm(X,Y) i=0 F^^X^Y) 

by the inductive hypothesis. □ 

Examples I4TT1 and 141121 show that Proposition 15.11 is best possible (at least for a 
general set Y), even when \X\ = 1. 

Proof of Proposition 15.21 As before, we assume that X n Y = and we use 
induction on k — \X\. If k = the result is trivial. Suppose next that k = 1 and 

oo 

X = {x}. Since f m ({x}, {y}) = w s m AW (x,y), we have £ A— / m ({x}, {</}) < 1 for 

m=0 
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each y G Y by Proposition 14.31 Thus Yl A m fm({x},Y) < \Y\ and the proposition 

m=0 

holds for k = 1. 

Suppose now that k > 2. Let x be any vertex in X; by assumption x ^ Y. 
By Lemma 15.51 given any F G J? r m (X, y), we can decompose F into a forest i 7 ! G 
Fi(X \ x,Y) and a path P G >V^ AW (x, V(Fi)); and each such pair (F u P) arises 
from a unique F. Since w(F) = w(F 1 )w(P), we have 

oo 

J2( m + |y|)~ ( * -1) A- m u>(F) 

m=0 F(LF m (X,Y) 
oo m 

m=0 i=0 FiSFi(X\a!,r) FeVV^^foVCFi)) 

oo oo 

= E A " E w(F 1 )j2^ j (i+j+\y\r (k - 1) E w ( p )- 

i=0 i^e^p^y) j=0 P6VV| ,psAW (a;,y(Fi)) 

(5.9) 

Now, for each fixed F t we have YlfLo Spew FPSAW (x,v(Fi)) w(P) < |V(Fi)| by the 
base case k — 1. Since | V(-F\) | = i + |y| < i + j + |Y], we have 

oo oo 

J2(m + \Y\y ik -^A- m ^ E^ + i*ir M A -i E w ^ 

m=0 FdF m {X,Y) i=Q Fi£F»(.XV,l r ) 

< 1 

(5.10) 

by the inductive hypothesis. □ 

When \X\ = 1, Proposition l5.2l is in some sense best possible. To see this, take G to 
be a star, X to be the central vertex and Y to be the end- vertices: this gives A = 1, 
fi(X,Y) = \Y\ and f m (X,Y) = for m ^ 1, so that £"=o A" m / m (X, y) = |y|. 
When |X| = k > 2, by contrast, Proposition 15.21 is perhaps not best possible. If we 
take G to be the disjoint union of k isomorphic stars (again with central vertices in 
X and end-vertices in Y), we have Ylm=o A~ m f m (X, Y) = (|y|/A;) fc . This shows that 
if there is a universal upper bound on ^ =0 A" m / m (l,y), the right-hand side has 
to grow at least like (\Y |/|X|)I X L We suspect the following conjectures are true: 

Conjecture 5.6 For all X,Y C V(G) with Y ^ 0, we have 

oo 

]TA- m / m (x,y) < |ypi . (5.ii) 

m=0 
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Conjecture 5.7 (a special case of Conjecture 15.61) For all nonempty X C V(G), 
we have 

oo 

J2^ m t m (X) < 1. (5.12) 

m=0 

5.2 The class H m (X) 

We conclude this section by discussing a larger class of forests. For X C V((j), 
let ft m (X) be the set of all m-edge forests F in G such that L(F) C X C V(F). For 
integers p, r > 1, let 7i m (X,p) be the set of all m-edge forests F in TC m (X) such that 
each component of F contains at least p vertices of X, and let TC m (X,p, r) be the set 
of all forests F in TC m (X,p) such that F has precisely r components. Put 

h m {x) = Yl w ( F ) > ( 5 - 13 ) 

and define h m (X,p) and h m (X,p,r) similarly. Our next result uses Proposition 15.11 
to bound h m (X,p,r) in terms of A: 

Proposition 5.8 Let X C V(G) where \X\ = k > rp. Then 

^A- m /i m (X,p,r) < p-^-rp + p)- 1 . (5.14) 

m=0 ^ ' 

Proof. Choose F G H m (X,p,r). Let {Xi, X 2 , . . . , X r } be the partition of X de- 
termined by the components of F. Then F G J- m (X, Y) for all sets K such that 
\Y H Xj| = 1 for all 1 < j < r. Hence there are precisely Ylj=i l-^-jl different sets 
Y C X such that F G .F m (X,y). Since |X 3 -| > p for all j (1 < j < r) and 
Y7j=i = k, it follows that YYj=i > p r ~ 1 {k — rp +p). Thus 

< p- (r - 1) (A;-rp + p)- 1 ^ ^ w(F). (5.15) 

F£H m (X,p,r) YCX F£T m {X,Y) 

\Y\=r 

Using Proposition 15.11 we deduce 

oo 

m=0 F<EH m (X,p,r) 

< p- {r - 1] (k 

□ 

Summing over r, we obtain: 



-rp + p) 1 ^ Y W ( F "> 



— rp + p) 



m=0 YCX F&T m {X,Y) 
\Y\ = r 

-xfk 
r 



(5.16) 
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Corollary 5.9 Let X C V{G) where \X\ = k> 1. T/ien 



L 7 ^ J /ia 
^A- m / im (X,p) < ^p-^fc-rp + prM j (5.17a) 

m=0 r=l ^ ' 



< + -1. (5.17b) 

Here the crude upper bound (15. 17b j) is obtained from (15. 17aj) by replacing (k—rp+p)^ 1 
by p' 1 . The true \arge-k asymptotic behavior of (I5.17a|) is (1 + l/p) k k~ l p{p + 1)[1 + 
0{l/k)]. 

Taking p — 1 in (15.17aj) gives: 

Corollary 5.10 Let X C V(G) w/iere |X| = jfe > 1. Then 

jTA- m h m (X) < ^T^. (5.18) 

Using a similar proof technique to that of Proposition 15.81 but using Proposition 
15.21 instead of Proposition 15.11 we may deduce 

Proposition 5.11 Let X C V(G) where \X\ = k > rp. Then 



^(m + r)- (fc - 1) A- m /i m (X,p,r) < rp'^ {k - rp + p)' 1 . 



(5.19) 



6 Counting Connected Subgraphs 

For X C V(G), let C m {X) be the set of all m-edge subgraphs H in G (connected 
or not) such that 

(CI) X C V(H), and 

(C2) each component of H contains at least one vertex in X. 
Note in particular the following special cases: 

• For any X, Cq(X) has as its single element the edgeless graph with vertex set 
X. 

• Cq(0) has as its single element the empty graph, and C m (0) = for m > 1. 

• C m ({x}) consists of the connected m-edge subgraphs that contain x. 
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Recall the definition w(H) = Yl e eE(H) w e- Define the weighted counts 

c m (X) = w ( H ) ■ t 6 - 1 ) 

H£Cm(X) 

We then have the following bound in terms of maximum weighted degree, which is a 
slight extension of [121 Proposition 4.5]: 

Proposition 6.1 Whenever \X\ = k > we have 

c m {X) < C{m,k)A m (6.2) 

where 

f Mm + k) m - l lm\ fork^O 

C(m,k) = / run (6 ' 3) 

I Omo f O rk = 



Before beginning the proof of Proposition 16.11 let us note some facts about the 
numbers C(m, k): 

(a) For each integer m > 0, C(m, k) is a polynomial of degree m in k. 

(b) For each integer m > 0, C(m, k) is an increasing function of k for k > 0. 

(c) Generating function: If C(z) solves the equation 

C(z) = e 2C(2) , (6.4) 

then 

oo 

C(z) k = ^2C(m,k)z m (6.5) 

m=0 

for all k (integer or not); this follows from the Lagrange inversion formula. 
Moreover, the series (16. 5p is absolutely convergent for \z\ < 1/e and satisfies 
C(l/e) = e. 



(d) For integer k > 1, 



C(m,A;) = ^ H^K' 1 ) • ( 6 - 6 ) 



mi , . . . , > *— 1 
mi + ■ ■ ■ + = m 



This is an immediate consequence of (16. 5p . 
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(e) For all k and z (integer or not), 

m z f 

C(m,k) = J2^C(m-f,k-z + f). (6.7) 

This can easily be verified by direct calculation using the binomial formula: 
z f (k-z + f)(m + k- z)" 1 -?- 1 



E 



/! (m-f)\ 



\Y,( m \k-z + f)zf{m + k- 

n] v/y 



m 



m! V d/c 7 ^— ' V f 

^( 1 -s) (m+ *)" 

— - [(m + A;)" 1 - m(m + fc) m_1 l 
m! 

fc(m + k) m ~ l 



ml 

(f) For each fixed k > 0, we have 



as m — ■> oo. This is an immediate consequence of Stirling's formula. 



(6.8) 



C{m,k) = e m m- 3/2 ^[l + 0(l/m)} (6.9) 
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In proving Proposition 16. 11 we will use the following two facts about the weighted 
counts c m (X) for X = {xx,x 2 , ■ ■ ■ , Xk} C V(G) where all distinct: 

k 

Fact 1. c m (X) < E EI Crm(xi) ■ 

mi , . . . , > * = 1 
mi + ■ ■ ■ + m fe = m 

Proof. Trivial when k — 1. For fc > 2, construct a weight-preserving bijection F 

it 

of C m (X) onto a subset of |J \\C mi {xi) as follows: Given H G C m (X), 

mi , . . . , mk > * = 1 
mi + ■ • ■ + mj. = m 

define F(H)i to be the component of H containing Xi if this component contains no 
vertex xy with i' < i, and the graph with vertex set {x{\ and no edges, otherwise. 
□ 
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Fact 2. c m (X) < w(F) c m -\ F \((X — x{) U Y F ) where C(xi) is shorthand for 

FCC(xi) 

the cocycle E({xi}, {x\} c ), and Y F denotes the set of endpoints other than x\ of 
the edges in F . [Of course, the sum can be limited to sets F having \F\ < m, since 
c m (X) = for m < 0.] 

PROOF. We classify the subgraphs H G C m (X) according to F = E(H) n C(xi). So, 
for each F C C(xi), let C m (X;F) be the set of all H G C m (X) that have E(H) n 
C7(zi) = F. For if G C m (X;F), we let H' = H \ x x . Then \E(H')\ = m - \F\ 
and H' G C m _|i?|((X — X\) U This gives an injective map from C m (X; F) into 

C m -\ F \{{X - x x ) U Y F ). Fact 2 now follows since w(H) = w(F)w(H'). □ 

We now give two alternative proofs of Proposition 16.11 The first proof uses Fact 2 
for k = 1 only, together with Fact 1; it leads to a nonlinear recursion whose solution 
is C{m, 1), namely (16. 7p with k = z = 1 combined with (16.61) . The second proof uses 
Fact 2 for all k, but does not use Fact 1; it leads to a linear recursion whose solution 
is C(m, k), namely (16. 7p with z — 1. 

We will need the following elementary result: 

Lemma 6.2 Let S be a set in which each element e G S is given a nonnegative real 
weight w e . Then, for each integer f > 0, we have 

E IK ^ 7? (5>) • ( 6 - 10 ) 

FCS eeF •'" VegS / 

\F\ = f 



First proof of Proposition 16. 11 Consider first the case k — 1, hence X = {x}. 
We use induction on m. The proposition holds trivially when m = 0, so let us 
assume that m > 1. We apply Fact 2 with = 1, and observe that the term F = 
contributes zero when m > 1 [since c m _ijri(Y' ii ') = c m (0) = 0]; we therefore have 

c m {x) < Y, w(F) c m -\F\(Y F ) . (6.11) 

0/FC C(x) 
|F| < m 

Applying Fact 1 to bound c m _|^|(y F ), we obtain 

\Y F \ 

0/f CC(i) mi,...,m |yF| > i=1 
l-P'l^" 1 mi H hm, y P| =m- |F| 
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where Y F = {vi, . . . , Vi y f]}. Note that we have rrii < m for all i since \F\ > 1. We 
can therefore apply the inductive hypothesis c TOi (uj) < C{m^ 1) A mi to obtain 

\Y F \ 

Cm(x) < W ^ E \{C{m u l)A^ 

0^FCC(x) mi,...,m |yF| >0 i=1 
\ F \< m mi H hm, y jr, =m- [F| 



^ C(m — \Y F \) A 

0/FC C(x) 
\F\ < m 



m-\F\ 



< w(F)C(m-\F\,\F\) A m -^ (6.13) 



^ F C C(x) 
\F\ < m 

where the second line used the identity (I6.6p . and the last step used \Y F \ < \F\ and 
the fact that C(m, k) is an increasing function of k% Using Lemma [6.21 we have 

m Af 

Cm(x) < ^ — C(m - /, /) A™~' 
/=i J ' 

= E 7f c{ ~ m - /> /) A 

/=0 J ' 

= C(m,l)A m , (6.14) 

where the second line used C(m, 0) = for m > 1, and the last line used identity 
(16. 7p with k = z = 1. This proves Proposition 16. II for k = 1. 

The result for general k now follows using Fact 1 and the identity (16. 6p . □ 



Second proof of Proposition 16. 11 We use induction on m + k. The proposition 
holds trivially when m = 0, so we assume m > 1. Apply Fact 2 for general fc; because 
the right-hand side involves quantities c m _|F|((X — arj.) U F F ) with m — \F\ + \ (X — 
xi)UY F \ < m+k — 1, we can apply the inductive hypothesis c m _ij?|((X — x\) UY F ) < 
C(m - \F\, \(X - Xl ) U Y F \) A"H F I to conclude that 

c m (X) < HF)C(m-\F\,\(X-x 1 )UY F \)A m -^ 

FCC(n) 

< C(m- \F\, k- 1 + \F\) A m -\ p \ 

FCC(xi) 



3 If G is a simple graph, we have \Y F \ = \F\. But if G has multiple edges, all we can say is that 
\Y F \<\F\. 
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f=o J ' 

= C{m,k)A m , (6.15) 

where the second line used \{X — x\) U Y F \ < k — 1 + \Y F \ < k — 1 + \F\ and the fact 
that C(m,k) is increasing with k, the third line used Lemma |6.2[ and the last line 
used identity (16.71) with z = 1. □ 



Let us now show that Proposition 16.11 is best possible: 

Example 6.1. Let T r be the infinite r-regular tree, let X\, . . . ,x k G V(T r ) satisfy 
dist(xj,Xj) > m for i ^ j, and let G be the subtree of T r induced by the vertices 
lying at a distance at most M from the set {x\, . . . , x^}, where M is any fixed number 
greater than or equal to m. Let all edge weights w e equal A/r. Then by a slight 
generalization of the computation in [T2l proof of Proposition 4.2], one shows that 

c (x, x k ) = (-T - ( kr + {r ~ 1)m ~ X ] (6 16) 

which in the limit r — > oo with A fixed tends to C(m, k) A m . □ 

Example 6.2. Let G be the complete graph K n , and let all edge weights w e equal 
A/(n — 1). Consider first the case k — 1: let us count the subset of C m ({x}) consisting 
of the m-edge trees containing x. The number of such trees is (m+ 1)" 1 " 1 , where 
the first factor counts the number of ways we can choose m additional vertices and 
the second factor counts the number of trees onm+1 labelled vertices. We therefore 
have 

> ("; 1 ) (ro+ir "(^l) m - (617) 

which in the limit n — > oo with m fixed tends to C(m, 1) A m . 

Now consider general k: let x±, . . . ,x k be distinct vertices, and let us count the 
subset of C m (xi, . . . , Xk) consisting of the m-edge fc-component forests in which each 
component contains exactly one Xj. By a similar counting argument we have 

Cm (■£]-> • • • j 2<fc) ^ 

\m,;-l 



A \ ^ yj fn-k-m 1 -...-m i -i\ , . lV 



n — l J ^— ' fjf \ m 8 

mi, . . . , rrife > 1 
miH hm fc =m (6.18) 

which in the limit n — > oo with m fixed tends to C(m, fc) A m [using (16. 6p ]. □ 
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Note the difference between the "pointwise" bounds of Propositions 14.11 and 16.11 
and the "generating-function" bounds of Propositions 14.21 14. 3[ 15.11 and 15.21 In the 
former cases, the bound can be saturated simultaneously for all (or arbitrarily many) 
m — as shown by the preceding two examples — so nothing can be gained by summing 
over m. In the latter cases, by contrast, the pointwise bound can be saturated only 
for one m at a time (cf. Example I4l3l after Corollary 14.51) . so the generating-function 
bound is stronger. The fundamental difference between the two situations is that the 
subgraphs considered in Propositions 14.11 and 16.11 are "tied down only at one end" 
(and hence can grow freely in all directions), while those in Propositions 14.21 14. 3^ I5.ll 
and 15.21 are "tied down at all the leaves" . 

7 Counting Blocks, Block Paths, Block Trees and 
Block Forests 

We now seek an analogue of Proposition 16.11 using maxmaxflow in place of max- 
imum degree. Unfortunately, no such bound is possible for the families C m (X): a 
simple counterexample is provided by the stars G = Ki^ r , which have maximum de- 
gree r but maxmaxflow 1 (independent of r); letting x be the central vertex of the 
star, we have |Ci({x})| = r, which is unbounded as r — > oo. The same thing happens 
for wheels G = K\ + C r , so it is no help to assume that G is 2- connected. 

To get a bound in terms of maxmaxflow, we need to restrict attention to a suitably 
chosen proper subfamily of C m (X): roughly speaking, we need to count subgraphs 
H that possess suitable "2-connectedness properties". After much experimentation, 
we settled on the family BT m (X) of "block trees" and the families BJ r m (X,Y) and 
BJ r l n (X, Y) of "block forests", to be defined in Section [7.11 However, simpler but 
weaker results can be obtained using a different (and slightly larger) family B m (X) 
of block forests, to be defined in Section 17.21 These two subsections are independent 
of each other and can be read in either order. 

7.1 The classes BT m (X), BF m (X,Y) and BF* m (X,Y) 

Let if be a not-necessarily-connected graph. We recall that a vertex of H is called 
an internal vertex of H if it is not a cut vertex of H . Now let B be a block of H. 
We denote by lnt(B,H) the set of internal vertices of H that belong to B. We say 
that B is an isolated block of H if it contains no cut vertices of H, and an end block 
of H if it contains exactly one cut vertex of H. Finally, if x, y G V(H) with x ^ y, 
we say that H is an xy-block path if H is connected and is either a block (hence an 
isolated block of itself) or else has exactly two end blocks £>i, B 2 with x G lnt(B 1 , H) 
and y G Int(5 2 , H). 

For any nonempty X C V(G), let BT m (X) be the set of all m-edge subgraphs H 
in G such that 
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(BT1) X C V(H); 
(BT2) H is connected; 

(BT3) each end block B of if contains at least one vertex of X as an internal 
vertex [that is, Int(S, if) n X ^ 0]; and 

(BT4) if if is a block, then either if is an isolated vertex [hence V(H) = 
X = {x}] or else if contains at least two vertices of X. 

By analogy with the set T m (X), which consists of trees whose leaves are "tied down" 
on the set X, we think of the elements of BT m (X) as block trees whose end blocks 
are "tied down" on the set X. [In particular, we have T m (X) C BT m (X).] Note the 
following special cases: 

• BT ({x}) has as its single element the edgeless graph with vertex set {x}, and 
BT m {{x}) = for m > 1. 

• When x ^ y, BT m ({x,y}) is the set of m-edge xy-block paths. 

• BT (X) = for | A" | > 2. 

For X,Y C V(G) with 7^0, let BT m {X, Y) be the set of all m-edge subgraphs 
if in G (connected or not) such that 

(BF1) lUYC V(H); 

(BF2) each component of if contains exactly one vertex of Y; 

(BF3) each end block B of if contains at least one vertex of X U Y as an 
internal vertex [that is, Int(S, if ) D (X U Y) ^ 0]; and 

(BF4) each isolated block of if is either an isolated vertex belonging to Y 
or else contains at least two vertices of X U Y . 

[Note that BT m {X, Y) = BJ r m (X\Y, Y), so we can assume without loss of generality, 
if desired, that X n Y = 0.] By analogy with the set J- m (X,Y), which consists of 
forests whose leaves are "tied down" on the set X and whose components are "tied 
down" on single elements of the set Y, we think of the elements of BT m {X) as block 
forests whose end blocks are "tied down" on the set X and whose components are 
"tied down" on single elements of the set Y. [In particular, we have T m {X, Y) C 
BT m {X, Y) C C m (Y).j Note the following special cases: 

• If m = 0, then BFq(X,Y) = ® whenever X % Y, and BF^X^Y) has as its 
single element the edgeless graph with vertex set Y whenever X C Y. 

• If X = (or more generally if X C Y), then BJ r (X, Y) has as its single 
element the edgeless graph with vertex set Y, and BT m {X, Y) = for m > 1. 
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• If X = {x} with x Y, then each H G BJ 7 m ({x}, Y) is the disjoint union of an 
m-edge :q/-block path for some y G Y (this component avoiding the set Y\y) 
and the collection Y \ y of isolated vertices. 

• For Y = {y}, we have BT m {X, {y}) = BT m (X U {y}). 
Recall that w(H) = YleeE(H) w e- Define the weighted counts 

bt m (x) = Yl w W ( 7J ) 

HeBT m (X) 

bf m (X,Y) = w ^ ( 7 - 2 ) 

We will obtain the following bounds on bf m (X, Y) in terms of A and A: 
Proposition 7.1 For all X,Y C V(G) with Y ^ 0, we have 

00 / A V m 

E d bf m {X,Y)<l. (7.3) 

m=0 ^ ' 

Proposition 7.2 For all X,Y C V(G) with 7/0 and all a G (1, 2], we have 

f:(^) m bUX,Y) < a^. (7.4) 



m=0 



Using the identity BT m {X, {y}) = BT m (X U {y}), we immediately obtain the 
following corollaries for block trees: 

Corollary 7.3 For all nonempty X C V(G), we have 

00 / A \" m 

E d bt m (X)<l. (7.5) 

m=0 ^ ' 

Corollary 7.4 For all nonempty X C V(G), we have 

00 / 2A \~ m 

Ed ht ^ ^ 1 • ( 7 - 6 ) 



m=0 



Corollary 17.31 could be proved directly using the same proof technique as for Propo- 
sition 17.11 It is curious to note, however, that we have been unable to find a direct 
proof of Corollary 17. 4t our proof of Proposition 17.21 employs an inner induction on 
\Y\, and thus inevitably passes through disconnected graphs. 
As an immediate consequence of Corollary 17.41 we obtain: 
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Corollary 7.5 Fix a weighted graph (G,w) and an edge e G E(G). Let b m (e) be the 
sum of the weights of the 2-connected m-edge subgraphs of G containing e. Then 



OO / 

m=0 x 



2A(C7-e,w) 
m~2 



) 



— m 



b m (e) < 1 . 



(7.7) 



Proof of Corollary 17.51 assuming Corollary 17.41 If e = xy, this follows 
immediately from Corollary 17.41 applied to G — e by taking X = {x, y}. □ 

Our proof of Proposition 17.11 combines ideas from the proofs of Propositions 15.11 
andEHJ we use an inner induction on \X\ as a substitute for the "point-to-set" bound 
of Proposition 14.21 and we use a "cutting" argument similar to that employed in the 
proofs of Propositions 14.21 and 16.11 to handle the case \X\ = 1. In the inductive step 
we shall use the following analogue of Lemma 15.51 to split a block forest with k end 
blocks into a block forest with k — 1 end blocks and a block path: 

Lemma 7.6 Let G be a graph, let X, Y C V(G) with r ^ 0, let x G X \ Y , and 
let H G BJ- m {X, Y). Let Hi be the convex hull of (X \x)UY in H , and let H 2 be 
the convex hull of {x} U V{H\) in H \ E(H\). Then H is the edge-disjoint union 
of Hi and H 2 ; and for some i (0 < % < m), we have Hi G BTiiX \ x,Y) and 
H 2 G BJ- m -i{{x}, V{Hij). Moreover, the map H h-> (Hi,H 2 ) is an injection. 

Note the slight change of perspective from Lemma 15751 here H 2 is not an x|/-block path 
for some y G V(Hi), but rather the union of such a block path with the collection 
V(Hi) \ y of isolated vertices. In particular, we have V{H\) Q V(H 2 ). However, 
modulo this change, this decomposition reduces to that of Lemma 15.51 in the special 
case where H G J- m (X, Y). 

Proof of Proposition 17.11 As noted above, we can assume without loss of 
generality that X n Y = 0. Let c = 1/ In 2. We shall show that 



for all M > 0, by using an outer induction on M and an inner induction on \X\. The 
base case M = and \X\ arbitrary holds by the first remark after the definition of 
BJ- m (X, Y). The case when X = and M is arbitrary holds by the second remark 
following the definition of BJ r m (X,Y). Hence we may suppose that M > 1 and 
\X\ > 1. Our inductive argument consists of two steps: 

Step 1. Proof that if (J7THD holds for all \X\ and all M' with < 
M' < M, then it also holds for \X\ = 1 and M. This step 
uses a "cutting" argument. 



J2(cA)- m bf m (X,Y) < 1 



(7.8) 



m=0 
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Step 2. Proof that if flU]) holds for all \X'\ with 1 < \X'\ < \X\ 
and some given M, then it holds for \X\ and the same M. 
This step uses Lemma 17.61 

Step 1. Suppose that (JTSj) holds for all \X\ and all M' with < M' < M. Now let 
X = {x} (note that x ^ Y by assumption) and consider a subgraph G BJ-' m {{x} ) Y) 
for some m. Note that H is the disjoint union of an xy-b\ock path H' for some y G Y 
and the collection Y \ y of isolated vertices. In particular, x is neither an isolated 
vertex nor a cut vertex of H. Let F be the set of edges of H incident with x, let 
/ = |F| (> 1 because x is not isolated), and let U F be the set of end- vertices of edges 
in F distinct from x. Then H' remains connected under deletion of x (because x is 
not a cut vertex). 

We shall show that H\x G BJ r m ^f{U F ', Y). For each end block B of H' \ x, 
we have Int(£>, H' \ x) n (Z7p U {?/}) 7^ 0, otherwise B would be an end block of H 
with Int(-B, H) n ({x} U7)^0. Furthermore, if H' \ x is non-separable, then either 
V(H' \ x) = {y}, or H' \ x contains at least two vertices of Uf U {y})] otherwise 
H'\x would itself be an end block of H with Int(iF \ x, H) n ({x} UF)^0. Thus 
H\xEBF m - f {U F ,Y). 

Let C be the set of edges of G incident to x. For each nonempty F C C, let 
i3.F m ({x}, Y; F) be the set of all subgraphs H G RF m ({;r}, Y) such that E(H)f]C = 
F. Then the map H 1— > is an injection from i3jF m ({a;}, Y; F) into BT m -f{U F , Y), 
and w(if) = w(F)w(H \ x). Thus 

6/m({x},y) < ^ w(F)bf m -f(U F ,Y) . (7.9) 

Hence 

^(cA)-6/ m ({x},F) = ^(cA)" m Yl w(F)bf m „ f (U F ,Y) 

m=0 m=0 0^FCC 

M-f 

= Yl «•(/••) (rA) '»A) ■'h.DH ' .Y) 

0^FCC j=0 

< w{F)(cAy f (7.10) 

0^FCC 

by the outer inductive hypothesis on M. Using Lemma 16.21 we deduce that 

M 00 

J2(cAy m bf m ({x},Y) < $>a)-' 

m=0 /=1 FCC 

\F\ = f 
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since c = l/ln2. This proves Step 1. 



Step 2. Suppose that (17. 8p holds for all \X'\ with 1 < \X'\ < \X\ and some 
given M. Then \X\ > 2. Choose arbitrarily some x G X (recall again that x ^ Y). 
Given H G £>jF m (X, Y"), by Lemma 17.61 we may decompose if into Hi U if 2 where 
i?i G SjFj(X\x,F) and if2 G BJ r m -i({x}, V(Hi)). Applying the inductive hypothesis 
that (17. 8p holds both for X' — X \ x and for X' = {x} with the given M, we may 
deduce that 



M 



m=0 

M 



= E( cA r m E w W 

m=0 HeBF,„(X,Y) 
M m 

^ EE( cA )" E w(Hi)(ca)-^ < H *) 

m=0 i=0 HxeBTi(X\x,Y) H 2 eB^ m - l ({x},V(H 1 )) 

M M-i 

< E( cA r E ^(^i)E( cA )^' E 

i=0 H\ eBJ^i (X\x,Y) 3=0 H 2 EBr j ({x},V(H 1 )) 

< 1 • (7.11) 
This completes the proof of Step 2 and hence of the proposition. □ 



Remarks. 1. Step 2 works for any value of c. The specific value c = l/ln2 enters 
only in Step 1. 

2. Step 2 is "almost" unnecessary; we can "almost" apply Step 1 for any X. The 
trouble is that if |X| > 1 we might find that x is a cut vertex of H. In this case 
H \ x ^ BT m -f{lJ F ,Y) since it will have one or more components containing no 
vertices of Y. 

Example 7.1. Let G be the graph K% consisting of a pair of vertices x,y joined 
by s parallel edges. Set all edge weights w e = A/s. Let us consider bt m ({x,y}) = 
bf m ({x}, {y}). The generating function is 

m=0 ^ ' 
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which is an increasing function of s (at fixed A and () and tends to e Al ° — 1 as s — > oo. 
It follows that Proposition 17. II and Corollary 17.31 are sharp in the sense that (In 2)/ A 
is the maximal value of ( that allows an upper bound of 1. □ 

Example 7.2. Let G be the disjoint union of n copies of let X contain one 
vertex from each copy, and let Y be the remaining vertices. Set all edge weights 
w e = A/s. Then 

oo 
m=0 

So (In 2)/ A is the maximal value of ( that allows any finite upper bound that is 
independent of \X\ and \Y\. □ 

Might it be possible to bound X]m=o ( m bfm(X, Y) for some ( > (In 2) /A if we 
allow the right-hand side to depend on \X\ and We doubt it; but all we can say 
for sure, at present, is that ( cannot exceed (21n2)/A: 

Example 7.3. Let G be the graph Pn^ obtained from the n-edge path (n > 2) 
by replacing each edge by s parallel edges. Set all edge weights w e = A/ (2s). Let 
x,y G V(Pn^) with dist(x, y) = I. Then 

oo 

^£C m bf m ({x},{y}) = 

m=0 

Since £ can be arbitrarily large, a universal upper bound on J2^ =0 ( m bf m (X,Y) is 
impossible for ( > (2 In 2)/ A, even when \X\ = \Y\ = 1. □ 

We have been unable to obtain a bound for bf m (X, Y) in terms of A (i.e., Proposi- 
tion [7]2] or something like it) by extending the proof technique of Proposition 15.21 in a 
similar way to the above proof. The problem is that a universal "point-to-set" bound 
of the form J2'^ =0 (cA)~ m bf m (X, Y) < 1 (with a right-hand side that is independent of 
\Y\) is simply not valid for any constant c: it suffices to consider G = K\^ r with r > c. 
If, on the other hand, we try to adapt the proof technique of Proposition 17. II by using 
an inductive hypothesis of the form Ylm=o( m + \Y\)'^ X ^ 1 ' ) (cA)~ m bf m (X , Y) < \Y\ 
(similar to that of Proposition I5.2p . then we are unable to carry through Step 1 be- 
cause of the increase in the size of X when {x} is replaced by U F . Instead, our 
proof of Proposition 17.21 will rely solely on a "cutting" argument rather than using 
Lemma 17. 61 In order for the induction to go through, we need to work with a slightly 
larger family of graphs than BTm (X, Y) . 

For X,Y C V(G) with 7^0, let BT*JX, Y) be the set of all m-edge subgraphs 
H in G (connected or not) such that 



A Y 

1 + -C -i 



AC 



-iy 



(7.13) 



- 1 



(7.14) 
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(BF1) lUFC V(H); 

(BF2*) each component of H contains at least one vertex of Y; 

(BF3) each end block B of H contains at least one element of X U Y as an 
internal vertex [that is, Int(5, H) n (X U Y) ^ 0}; and 

(BF4) each isolated block of H is either an isolated vertex belonging to Y 
or else contains at least two vertices of X U Y. 

The only change from BJ- m (X,Y) is, therefore, that each component of H must 
contain at least one vertex of Y, rather than exactly one. We have BJ r m (X,Y) C 
BF* m {X, Y) C C m (Y). Since BF* m (X, Y) = BT* m {X \Y,Y), we can assume without 
loss of generality, if desired, that X (H Y = 0. Note the special cases: 

• If m = 0, then BJ^{X,Y) = ® whenever X % Y, and BJ^(X,Y) has as its 
single element the edgeless graph with vertex set Y whenever ICF. 

• If Y = M, then BF* m (X, {y}) = BT m {X, {y}) = B7 m (X U {y}). 
Define the weighted counts 

bf* m (x,Y) = ( ? - 15 ) 

Since BT m {X, Y) C £>jF* t (X, Y), Proposition 17.21 will follow from the stronger result: 
Proposition 7.7 For all X,Y C V(G) with 7/0 and all a G (1, 2], we have 

ti^V"^^ £ a|y| "'- < 7 ' 16 > 

m=0 ^ ' 

Proof. Let c — a/hia. We shall show that 

M 

E( cA ) _m ^( x ' y ) ^ alYhl ( 7 - 17 ) 

m=0 

for all M > 0, by using induction on M+ |X| + |y|. As noted above, we may assume 
that X C\Y = 0. The case M = with X, Y arbitrary holds by the remark after 
the definition of £>.F^(X, Y). The proposition also holds when \X U Y\ = 1 and M 
is arbitrary, since 6/^(0, {y}) = 5 m0 . So assume |X U Y\ > 2 and choose y <E Y. By 
Proposition ^. 12| there exists a cocycle C = E G (L, R) in G and a vertex z G XUY\y 
such that z & L, X U Y \ z R, and ^eec^e — A - Later we shall distinguish two 
cases, depending on whether z happens to lie in X or in Y. 

For H G BF* m {X, Y), let F := be the set of edges of H that occur as the 

first edge in C on some path in H from z to X U Y \ z. Let Hi be the connected 
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L C R 




I I 



Figure 1: The graph H G BT* m {X, Y). Blocks of H 1 and H 2 = H — Hi are indicated 
schematically by large open circles; the edges of C n E(H) are shown explicitly, with 
those in F drawn in bold. Vertices in X are indicated by small solid circles, vertices in 
Y are indicated by small open circles, and vertices in L F , R F by small solid squares. 



component of H\F containing z, and let H 2 = H\ V{H\). Let L F (resp. R F ) be the 
set of vertices of L (resp. R) that are incident with F\ clearly \L |, \R F \ < \F\. (This 
construction is illustrated in Figure CD) For each nonempty FCC, let BT* m {X, Y\ F) 
be the set of all subgraphs H G BT* m {X, Y) such that F(H) = F. 
Consider now the following two cases: 

Case 1: z £ X. Then BJ^(X,Y;0) = 0. We shall show that, for each 
nonempty FCC with \F\ = f and each H G BJ r m (X,Y; F), we have H\ G 
i3^*(L F ,{z}) = BTi(L F U {z}) and H 2 G BT* m _ s ^{X \ z,Y U for some i 
(0 < z < m — /). Note that by the above definitions L F U {z} C V(ifi) and 
(X\z)U(YUR F )CV(H 2 ). 

We first consider Hi. Then ifi is connected and z G V(^i). Let Bi be an end 
block of Hi. Then i?i is either an end block of H, and hence z G Int(i?i, Hi) or else 
Si is not an end block of H and hence Int(5i, ifi) fl L F 7^ 0. If Hi is non-separable 
then either V(Hi) = {z}, or else Hi contains z and at least one vertex of L F \ z 
(otherwise Hi would be an end block of H with no internal vertex in X U Y). Thus 
Hi G BT*{L F \ {z}) for some i, < i < m - /. 

We next consider H 2 . Each component of H 2 is either a component of if, and 
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hence contains a vertex of Y, or is not a component of H, and hence contains a vertex 
of R F . Let B 2 be an end block of H 2 . Then S 2 is either an end block of H, and 
hence satisfies lnt(B 2 , H 2 ) D [(X \ z)UK] 7^ 0, or is not an end block of H, and hence 
satisfies lnt(B 2 , H 2 ) C\R F 7^ 0. Each isolated vertex of H 2 is either an isolated vertex 
of H, and hence belongs to Y, or is not an isolated vertex of H, and hence belongs to 
R F . Let B3 be an isolated block of H 2 which is not a single vertex. Then either: B% is 
an isolated block of H, and hence contains at least two vertices of (X \z)UY; or B 3 
is an end block of H, and hence contains two distinct vertices, one in (X \z)i)Y and 
the other in R F ; or B 3 is not a block of H, and hence contains two distinct vertices 
of R F . Thus H 2 e BF^f^X \z,YUR F ). 

It follows that the map H 1— > (Hi,H 2 ) is a weight preserving injection from 

m—f 



BF*JX, Y; F) into U BF*(L F , {z}) x RF* ^(X \z,YUR F ). Therefore, 



i=0 

m-f 

b&(X,Y) < Yl w(F)J2bf*(L F ,{z})bf* m _ f ^(X\z,YUR F ). (7.18) 

0^FCC i=0 

It follows that 



m=0 

M m-f 

< £(cA)~ m E w(F)J2bf:(L F ,{z})bf^_ f _ t (X\z,YUR F ) 

m=0 0^FCC i=0 

M-f M-f-i 

= Yl w(F)(cA)- f j2(cArbf:(L F ,{z}) 53 (cAr^xurujo 

0^FCC i=0 j=0 

< w(F) (cAy f a l¥l - 1+f (7.19) 



by the inductive hypothesis on M + \X\ + \ Y\. Using Lemma [672| we deduce that 

M 00 

J2(cAr m bUX,Y) < (cAr f a^ + f £ w(F) 

m=0 f=l FCC 

\F\ = f 

00 A/ 

/=i J ' 

= a m -\e a/c -l) < a |yhl (7.20) 
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since c = a/ In a and a < 2. Thus the proposition holds when z G X. 

Case 2: z £ Y. Then y,z and hence |Y| > 2. We can show in a similar way 
to Case 1 that, for each FCC with \F\ = f and each H G BT^iX, K; F), we have 
E x G BT*{L F , {z}) and H 2 G BT^^X, (Y \ z) U F F ) for some i (0 < i < m - /). 
[Let us remark that if F = 0, then is a component of if consisting of just the 
isolated vertex z.\ The map i/ i— > (H\,H.2) is an injection from BJ r ^ n (X,Y; F) into 

m—f 

U &F;(L F , {*}) x BJ^f-iiX, (Y\z)U R F ). Thus 



i=0 



m—f 

bf m (X, Y)<J2 <F) E 6 /< ^» \ *) U ^) ■ ( 7 - 21 ) 

FCC i=0 



Hence 

M 



m=0 

M m-f 

< E ( cA )~ m E E w) ( Y \ z ) u 

m=0 FCC i=0 

Af— / M-f-i 

= E^c^r'E^rv'c^w) E (cAp&/K*>( y \*)uiO 

fcc i=o i=o 

FCC 

by the inductive hypothesis on M + |X| + |y|. (Note that when F = 0, we have 
L F = i? F = and hence | (y \ U -R F | = |Y*| — 1.) Using Lemma |6T2| we deduce that 

M oo 

E( cA r m ^( x ' y ) ^ E( cA r /ft|yh2+/ E w ^ 

m=0 /=0 FCC 

\F\ = f 

oo , t 

< E( cA )^« |y| - 2+/ 7r 

/=o J ' 
= a l^l- 2 e a / c = c^l" 1 (7.23) 

since c = a/ In a. Thus the proposition holds when z G Y. □ 
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Remark. The proof technique of Case 1 can be used to prove the induction hypoth- 
esis 

M 

J>A)-™ bf* m (X,Y) < a^- 1 (7.24) 

whenever e a ^ c < 2. (In particular, it can handle the apparently best-possible values 
c = l/ln2 and a = 1.) Likewise, the proof technique of Case 2 can be used to prove 
the induction hypothesis (I7.24p whenever e a l c < a. The trouble is that we need the 
same hypothesis to work for both cases, since we don't know a priori whether z will 
lie in X or in 7. Therefore, the best we can do — at least with this proof technique 
— seems to be to choose a G (1,2] and then set c = a/ In a. 

Example 7.4. Let T be any tree (e.g. a long path would do), and let G be the graph 
T( s > obtained from T by replacing each edge by s parallel edges. Let all edge weights 
w e equal A/s, so that the maxmaxflow is A. Let x,y G V(T^ S ') with dist(x, y) = £. 
Then bf m ({x}, {y}) = bf* m ({x} } {y}), and we have 

oo 

Ec m ^({*},{y}) = 

m=0 

Since I can be arbitrarily large, a universal upper bound on ^^ =0 ( m bf m (X, Y) is 
impossible for ( > (In2)/A, even when \X\ = \Y\ = 1. □ 

(s) 

Example 7.5. Let G be the union of k disjoint copies of K\ r , with all edge weights 
w e = A/s. Let X be the central vertices and Y the remaining vertices, so that \X\ = k 
and |^| = kr. Then 

oo 

Y^Cbf m (X,Y) = r k 

m=0 

and 

oo 

Thus, if any universal upper bound is possible for ( = (In2)/A, the right-hand side 
has to be at least (|F|/|X|)I X I for bf and (2l y l/l x l - l)l x l for bf*. □ 

These examples suggest the following conjectures: 

Conjecture 7.8 For all I,FC V(G) with Y ^ 0, we have 

00 / A V m 

Eli^J h u x ^ Y ) < \y\ m - ( 7 - 28 ) 

m=0 ^ ' 



s 



AC 



(7.25) 



s 



1)' 



(7.26) 



1 + ^c, . 



(e rAC - 1) 



(7.27) 
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Conjecture 7.9 For all X, Y C V{G) with Y ^ 0, we have 



00 / A \ ~ m 

^(1^2) v™(*>n < 2i-i-i. 

m=0 ^ ' 



(7.29) 



Conjecture 7.10 (a special case of Conjecture 17.81 or 17. 9j) For all nonempty X C 
V^(G) ; we /iawe 

00 / A 

53 — 6t m (X) < 1 . (7.30) 



m=0 



7.2 The class # m (X) 

We conclude by discussing a larger class of block forests, which is roughly the 
block analogue of the class T-t m (X) considered in Section l5~2l For X C V(G), let 
B m (X) be the set of all m-edge subgraphs H in G (connected or not) such that 

(Bl) X C V(H); 

(B2) each end block of H contains at least one element of X as an internal 
vertex [that is, lnt(B, H) n X ^ 0]; and 

(B3) each isolated block of H is either an isolated vertex belonging to X 
or else contains at least two vertices of X. 

[It follows from (B2) and (B3) that each component of H is either an isolated vertex 
belonging to X or else contains at least two vertices of X. In particular, B m (X) C 
C m (X). Note also that BT m {X,Y) Q BF* m (X,Y) C B m (XUY).} Note the following 
special cases: 

• For any X, Bq(X) has as its single element the edgeless graph with vertex set 
X. 

• B m (0) = for m > 1. 

• B m ({x}) — for m > 1. 

• £> m ({a;, y}) is the set of m-edge xy-block paths when x ^ y and m > 1. 
[Hence £ m ({x, y}) = £T m ({:r, y}) = BF m ({x}, {y}) = ^({x}, {y}).] 

Recall that w(H) = YleeE(H) w e- E)efine the weighted counts 

b m (x) = w ( H ) ■ ( 7 - 31 ) 

H£B m (X) 

We then have the following bound in terms of maxmaxflow: 
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Proposition 7.11 Whenever \X\ = k > 1 we have 

b m {X) < B{m,k)A m (7.32) 

where 

o/ m omnf k ~\ J (k-mm + k-ir-'/ml for k ^ 1 
B(m,k) = 2 m C(m, ) = < (7.33) 

2 [ 8 m0 fork = l 

For the case of greatest interest, namely B m ({x, y}) = BJ r ^ n ({x}, {y}), the bound 
of Proposition 17. 1 II behaves roughly like (2eA) m , which is much worse than the bound 
(2A/ ln2) m of Propositions 17.21 and 17.71 However, as we shall see, the proof of Propo- 
sition 17.111 is quite a bit simpler than that of Proposition 17.71 

Before beginning the proof of Proposition 17.111 let us note some facts about the 
numbers B(m, k), which follow easily from the facts about the C(m, k) already dis- 
cussed in Section |6j 

(a) For each integer m > 0, B(m, k) is an increasing function of k > 1. 

(b) Generating function: If C(z) solves the equation (16. 4p . then 

oo 

q 2 ^(fc-i)/ 2 = STB(m,k)z m (7.34) 

m=0 

This is an immediate translation of (16.51) . 

(c) For all ki,k2,m we have 

m 

^2B(i,k 1 )B(m-i 7 k 2 ) = B(m 7 h + k 2 - 1) . (7.35) 

i=0 

This is an immediate consequence of (17.341) . 

(d) For all k, 

m, ^ 

B(m, k) = ^2-B{m-f,k-l + 2f). (7.36) 
/=o J' 

This is an immediate translation of the identity (16. 7p with z = 1/2. 

(e) For each fixed k > 1, we have 

B{m,k) = (2e) m m- 3/2 ^- ^= [1 + 0(1/ m)] (7.37) 

V87T 

as m — > oo. This is an immediate translation of (16. 9p . 
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Proof of Proposition 17.111 The Proposition holds trivially when k — 1, so 
we may assume that k > 2. Choose Xi,x 2 G X and let C be a minimum cut in G 
separating xi from x 2 , so that ^ eeC w e < A. Let Gi be the component of G — C 
containing x\, and let G 2 be the union of the remaining components of G — C . By 
construction, we have x\ G V{G\) and x 2 G V{G 2 ), and each edge in C joins a vertex 
of Gi to a vertex of G 2 . Let Xj = X H ^(Gj) and fcj = |Xj| for i — 1,2. Since a?i G Xi 
and x 2 G X 2 , we have 1 < k,i < k — 1 for i = 1, 2; and of course ki + k 2 = k. 

We shall classify the subgraphs H of G belonging to £> m (X) according to F = 
E(H) n C. So, for each FCC, let us set / = define Yf (i = 1, 2) to be the 
set of vertices of Gi that are incident with F (note that \Yf\ < f); and finally, let 
B m (X; F) be the set of all H G B m {X) that have E(H) DC = F. 

For if G 23 m (X;F), we let Hi = H n G { and mi = |£(#;)|; note that H = 
H x U H 2 U F and m = m 1 + m 2 + f. We shall show that Hi G B mi (Xi U K/) for 
% = 1,2. (The argument is illustrated in Figure [2J) Note first that since X C V(H) 
we have Xj C V(Hi). Furthermore, each end block B of Hi is either an end block of 
H or else satisfies Int n ^ 0. Hence lnt(B,Hi) n (X* U ^ 0. Each 

isolated vertex v of ifj is either an isolated vertex of H or else belongs to Yf '. Thus 
v G Xj U Yj F . Finally, each isolated block B of ifj that is not an isolated vertex of Hi 
is either an isolated block of H, or else an end block of H with its cut vertex in Yf , 
or else satisfies \V(B) n Yf\ > 2. Thus \V(B) n (X U > 2. 

It follows that we can construct a weight-preserving [except for a factor w(F)] 

m—f 

bijection of B m (X; F) onto a subset of U B,{X X U Y"/) x B m - f -i(X 2 U Kf). Thus 



i=0 



m-f 

b m {X) < W ( F ) b ^ Xl U F i F ) & ™-/-( X 2 U Yi) . (7.38) 

FCC i=0 

Since i < m — f, \Yf\ < f and |X X | < fc, we have i + |Xj U Yf\ < m + k; and likewise 
we have (m — f — i) + \X 2 U Y 2 \ < m + k. Therefore, we can use induction on m + k 
(the Proposition being true for the initial case m + k = 1) to deduce that 

m-f 

b m (X) < ^ U ;(F)^A m -^ J B(2,|X 1 uy i F |) J B(m-/-2,|X 2 UF/|) 

FCC i=0 
m—f 

< w ^ E Am ~ f B & kl + f)B{m-f- i, k 2 + f) 

FCC i=0 
m >f m-f 

f=0 i=0 

= A m B{m,k), (7.39) 
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r — — — i r — — — i 




i_ j l J 

Figure 2: The graph H G B m (X). Blocks of Hi and Hi are indicated schematically 
by large open circles; the edges of F are shown explicitly. Vertices in X are indicated 
by small solid circles, and vertices in Yf, Yf are indicated by small solid squares. 



where the second line used the fact that B(m, k) increases with k for k > 1, the third 
line used Lemma 16.21 and the last line used identities (17.351) and (17.361) and the fact 
that k\ + &2 = k. □ 



Corollary 7.12 Fix a weighted graph (G,w) and an edge e G E(G). Then the sum 
of the weights of the 2-connected m-edge subgraphs of G containing e is at most 
B(m- l,2)A(G-e,w) m . 

Proof. If e = xy, this follows immediately from Proposition 17.111 applied to G — e 
by taking X = {x, y}. □ 



8 A Conjecture on Chromatic Roots 

As mentioned in the Introduction, our principal motivation for studying max- 
maxflow is the conjecture that it can be used to bound the roots of chromatic poly- 
nomials -Pg(<?) : 
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Conjecture 8.1 There exist universal constants C(A) < oo such that all the chro- 
matic roots (real or complex) of all loopless graphs of maxmaxflow A lie in the disc 
\q\ < (7(A). Indeed, we conjecture that C(A) can be taken to be linear in A. 

The analogous theorem using maximum degree was proven in [12] : the approach taken 
there is to decompose a spanning subgraph of G into its connected components and 
to treat these components as a "polymer gas" . The desired bound on chromatic roots 
then follows from standard bounds on the zeros of a polymer-gas partition function, 
once one has an exponential bound in terms of maximum degree on the number of 
connected m-edge subgraphs of G containing a specified vertex (Proposition 16.11 of 
the present paper or the variants thereof contained in [T2~t Section 4.2]). Moreover, 
by special arguments it was possible to bound the chromatic roots also in terms of 
second-largest degree [T2], Section 6]. We are now trying to prove Conjecture 18.11 
by modifying the arguments of [12] to decompose a spanning subgraph of G into its 
2-connected components. Although the pointwise bound implied by Corollary 17.41 of 
the present paper has a presumably non-optimal constant — unlike Proposition 16.11 
and its relatives, which are sharp — it should nevertheless be good enough to prove 
Conjecture 18 .11 provided that the other difficulties (such as controlling the interaction 
between the 2-connected components) can be overcome. 
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